en 



Jesmanowicz' conjecture revisited, 1 1 



Min Tang*and Jian-Xin Weng 



CN ■ School of Mathematics and Computer Science, Anhui Normal University, 

U 

<d : Wuhu 241003, China 

(N, 

p ^ . Abstract. Let a,b,c be relatively prime positive integers such that a^ + b"^ = c^ . 

^ ' In 1956, Jesmanowicz conjectured that for any positive integer n, the only solution of 

^ \ [anY + {hn)y = {cn)^ in positive integers is (x, y, z) = (2, 2, 2). Let A; > 1 be an integer and 

^ Ffc = 2^ + 1 be a Fermat number. In this paper, we show that Jesmanowicz' conjecture is 

true for Pythagorean triples (a, 6, c) = (F^ — 2, 2^ "'"^, Fk). 
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2 ■ 1 Introduction 

Let a, b, c be relatively prime positive integers such that a"^ + b"^ = c^ with 2 | b. Clearly, 
'k> ■ ^^^ Diophantine equation 

^ \ {naf + {nbf = {ncY (1.1) 

has the solution {x, y, z) = (2, 2, 2). In 1956, Sierpihski |7j showed there is no other solution 
when n = 1 and {a,b,c) = (3,4,5), and Jesmanowicz [2] proved that when n = 1 and 
{a,b,c) = (5, 12, 13), (7, 24, 25), (9, 40, 41), (11, 60, 61), the Eq.([III]) has only the solution 
{x,y,z) = (2,2,2). Moreover, he conjectured that for any positive integer n, the Eq. Ol.ll) 
has no solution other than {x,y,z) = (2,2,2). Let A; > 1 be an integer and F^ = 2^ +1 
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be a Fermat number. Recently, the first author of this paper and Yang [8] proved that if 
1 < k < 4, then the Diophantine equation 

{{F, - 2)nr + {2''-''-'n)y = {F^nf (1.2) 

has no solution other than {x,y,z) = (2,2,2). For related problems, see ([1], [5], [6]). 
In this paper, we obtain the following result. 

Theorem 1. Let k be a positive integer and F^ = 2 + 1 be a Fermat number. Then the 
Eq. U.^) has only the solution {x,y,z) = (2,2,2). 

Throughout this paper, let m be a positive integer and a be any integer relatively prime 
to m. If h is the least positive integer such that a^ = 1 (mod m), then h is called the order 
of a modulo m, denoted by ordm(a)- 

2 Lemmas 

Lemma 1. (J^J) The Diophantine equation (4m^ — 1)^' + {Amy = (4m^ + 1)^ has only the 
solution {x,y,z) = (2,2,2). 

Lemma 2. (See /i, Lemma 2]) If z > max{x,y}, then the Diophantine equation a^ + W = 
c^, where a,b and c are any positive integers (not necessarily relative prime) such that 
a^ + h^ = (? , has no solution other than (x, y, z) = (2, 2, 2). 

Lemma 3. (See /<?, Corollary 1]) If the Diophantine equation {naY + {nb)y = [nc)^ (with 
a"^ + b"^ = c^) has a solution (x, y, z) ^ (2, 2, 2), then x, y, z are distinct. 

Lemma 4. Let a, b, c be relatively prime positive integers with 2 \ b and c < 3a. If the 
Diophantine equation a^+W = c^ has only the solution {x, y, z) = (2, 2, 2), then the Eq. jjl.l]) 
has no solution {x, y, z) satisfying z < min{x, y}. 

Proof. We may suppose that n > 2 and the Eq. Ol.lj) has a solution {x,y,z) satisfying 
z < min{x, y}. By Lemma [3|, it is sufficient to consider the following two cases: 
Case 1. X < y. Then we have 

n^-"(a^ + 6%^-^') =c^ (2.1) 

2 



t 
It is clear from (12. ip that gcd(n, c) > 1. Let c = YIpT ^e the stand factorization of c and 

Aft r- • 1 r 



(2.2) 



u=l 


,.^^^^^ f^.l^ '__ ^, i^-j^, , „4.j — 1^^, 1 "J ■ J V!---|i 






Noting that 






gcd(a^'+6^np?r^'"'^n^-)=i' 


we know that 









(2.3) 



where T = {1, 2, ■ ■ ■ , t} \ {zi, ■ ■ ■ , i^}. 
Since 2 | 6, we have 2 \ c, thus 



n.r.(|)'<(|)^.«-, 

which contradicts with (12. 3p . 

Case 2. x > y. Then we have 

n^-" (fe^ + a"n"-^) = c^ (2.4) 

The remainder of the proof is similar to that of the proof of Case 1. We omit it here. 
This completes the proof of Lemma HI D 

Lemma 5. Let k be a positive integer and F^ = 2^ +1 be a Fermat number. If {x, y, z) is 
a solution of the Eq. U.^) with {x, y, z) ^ (2, 2, 2), then x < z < y. 

Proof. By Lemmas [2}|4l it is sufficient to prove that the Eq. (ll.2p has no solution {x,y,z) 
satisfying y < z < x. By Lemma [H we may suppose that n > 2 and the Eg. (11.21) has a 
solution {x, y, z) with y < z < x. Then we have 

2(2^-^+1)2/ = n'-y (f^ - {Fk - 2)^n^-") . (2.5) 

By (12. 5p we may write n = 2^ with r > 1. Noting that 

gcd(F,^-(F,-2)-2^(--^),2)=l, 



we have 

Fk - {Fk - 2)^2"(^-^) = 1. (2.6) 

Since /c > 1, by (12.61) we have F^ = 1 (mod 3), z = (mod 2). Write z = 2zi, we have 

(^Y[F,yri^-^) = (F^^ - 1)(F- + 1). (2.7) 



1=0 



Let Fk-i = n pT be the standard factorization of Fk-i with pi < ■ ■ ■ < pt. Then 



j=i 



ordp,(2) = 2^ z = l,---,t. (2.8) 

Noting that gcd(F^^ — 1, F^^ + 1) = 2, we know that pt divide only one of F^^ — 1 and 
Ff + 1. 

Case 1. Pt I Ff - 1. Then F^' - 1 = 2^i - 1 = (mod pt). Noting that ordp,(2) = 2^=, 
we have zi = (mod 2^^). By (12. 8p we have 

Ff - 1 = 2^1 - 1 = (mod Pi), t = l,--- ,t. 

Since gcd(Ffc^i - 1, Ff + 1) = 2, by (Q we have 

Ff - 1 = 2^1 - 1 = (mod pt'""), i = l,--- ,t. 

Hence F^^.^ | F^' - 1. 

Case 2. p^ | F^^^ + 1. Then Ff + 1 = 2^^ + 1 = (mod pt). Noting that ordp,(2) = 2^ 
we have 2^~^ | zi, but 2^ | ^i. By (12.81) we have 

2^^^ -1 = (2^1 + 1) (2^1 -1) = (mod Pi), z = l,---,t. 

Thus 

pz, + 1 = 2^1 + 1 = (mod p,), i = l,--- ,t. 

Since gcd(F^^i - 1, Ff + 1) = 2, by ([MD we have 

F^' + l = r' + l = {modptn. t = l,---,t. 

Rence F^_^ \ F^' + l. 
However, 

FL, = (2''" + l)' > (2^'"' + l)'" > i^f + 1, 
which is impossible. 

This completes the proof of Lemma [51 D 



3 Proof of Theorem [T] 

By Lemma [Hand Lemma 0, we may suppose that n > 2 and the Eg. ( 11.21) has a solution 
(x, y, z) with X < z < y. Then 

fe-i 
(Y[fX = n'-''(F^-2'^^'"'+^'>yny''y (3.1) 



i=0 



It is clear from (13. ip that 



fc-i 



gcd(n,J]F,) >1. 

j=0 



fc-l t fc-l s 

Let n -^i ~ n Pt' t>e the standard factorization of Y[ ^i ^^^ write '^■=11 Pi ' where 

i=0 1=1 i=0 !/=l 

A. >1, {n,--- ,^s}C{l,■■■ ,t}. Let 



where T = {1, 2, ■ ■ ■ , t} \ {zi, ■ ■ ■ ,is}. By (13. ip . we have 

P{k,nr = F^ - 2(2'^-^+^)^npf-(^-^). (3.2) 

Since y > 2, it follows that 



u=l 



7fc, 



P{k,ny = l (mod 2'). (3.3) 

If 3 I P{k, n), then P{k, n) = —1 (mod 4). This implies that x is even. If 3 f P{k, n), then 
P{k, n) = l (mod 4). Let P{k, n) = 1 + 2''W, 2 \ W. Then t; > 2. Suppose that x is odd, 
then 

P{k,ny = 1 + 2''W', 2\W'. 

Thus V >2^ and P(A;, n) > F^, a contradiction with 

fc-i 
P(A;,n)< J]F, = Ffc-2. 

i=0 

Therefore, x is even and P{k,n) = —1 (mod 4). 

Let P{k, n) = 2^M - 1, 2 f M and let x = 2"A^, 2 f A^. Then (i > 2 and w > 1. Thus 

P(A;, n)^' = 1 + 2"+'^1/, 2 f V. 



By ([33D we have u + d>2^. 

Choose a z/ G {1, ■ ■ ■ , s}, let pi^ = 2H + 1 with r > 1, 2 f t. Then 



fc-i 



2^+.-! ^ ^2^^^ _ ^^^2*^^ + 1) = P{k, n) ■ pi^ < n ^' = 2^' " ^• 

i=0 

Thus d + r <2''. Hence u > r. By (13.21) we have 

P{k,nr = 2' (modp.J. (3.4) 

Noting that pi^ — 1 \ 2"t, we have 

2'^^P{k,nr'^^l (modp.J, (3.5) 

Since ordp-^ (2) is even and 2 f t, we have z = (mod 2). 
Write z = 2zi,x = 2x1. By (13. 2p . we have 

s 

2(2'=-^+!^ JJpf-('^--) = (^F^^ - P{k,ny^^(^F^^ + P{k,nr^y (3.6) 

Noting that 



u=l 



we have 



or 



However, 



gcd (^F^' - Pik, nf\F^' + P{k, nf'^ = 2, 
2(2'=-i+l)j;-l I pz, _ p^^^ ^y, ^ 2 I Ff + P(fc, nf' , (3.7) 

2 I Ff + P{k,nY\ 2(2'''+i)^-i I F^"^ - P{k,nY\ (3.8) 



,n)^\ 



2(2^-i+i)?^-i > 2(2'=-'+i)2-i > (Ffc + Ffc - 2)^1 > Ff + F(A; 

a contradiction. 

This completes the proof of Theorem [H 
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